An elementary approach to quasi-isometries of tree�R^n

Estelle Souche (esouche@cmi.univ-mrs.fr)

Centre de Mathématiques et d’Informatique, Université de Provence, 39 Rue Joliot Curie, 13453 Marseille, France

BertWiest (bertw@pims.math.ca)

Pacific Institute for the Mathematical Sciences, 1933 West Mall, UBC, Vancouver V6T 1Z2, Canada

Abstract. We prove by elementary means a regularity theorem for quasi-isometries of T × Rn (where T denotes an infinite tree), and of many other metric spaces with similar combinatorial properties, e.g. Cayley graphs of Baumslag-Solitar groups. For quasi-isometries of T × Rn it states that the image of {x} × Rn (x ∈ T ) is uniformly close to {y} × Rn for some y ∈ T , and there is a well-defined surjection QI(T × Rn) → QI(T ). Even stronger, the image of a quasi-isometric embedding of

R^{n+1} in T × R^n is close to (a geodesic in T )×R^n.

Keywords: quasi-isometry, Cayley graph, tree, free group

MSC2000: 20F65, 57M07

1. Motivation and statement of results

What do quasi-isometries of the Cayley graph of F_2 × Z^n look like? As a special case of a powerful and difficult theorem in (??) we know the answer; it is, roughly speaking: there are only the obvious ones! The aim of the present paper is to give an elementary proof of this and in fact of the stronger result that the image of a quasi-isometric embedding of

R^{n+1} in F2×R^n is uniformly close to (a geodesic in F2)×R^n. This is done

in section 2. Moreover, due to the mostly topological (not geometric) nature of the proof, the hypotheses can be weakened considerably, and we shall adapt our techniques to other situations, different from the ones considered in (??). For instance, we shall give a simple proof of a key result of (??) on quasi-isometries of Baumslag-Solitar groups, and, more generally, of results of (??) and (??) on graphs of Z^ns. Also, our results apply to general spaces of the form tree × R^n, where the hypotheses on the metrics carried by the tree and by R^n are very weak –e.g. we may take tree × H^n . Moreover, instead of a quasi-isometry we can use any uniform embedding, and the conclusion still holds true. This is the content of section 3. In a final section, we give some surprising examples, which illustrate the difficulty in trying to apply our techniques to other product spaces like F_2 × F_2, or to semidirect products F_2 o Z.

© 2002 Kluwer Academic Publishers. Printed in the Netherlands.

estelle.tex; 18/01/2002; 19:04; p.1

To fix notation, we recall that a (λ, C)-quasi-isometric embedding, for λ > 1, C > 0, is a function f: X → Y between metric spaces such that^1_λ d_X(x, ~x) − C 6 d_Y (f(x), f(~x)) 6 λd_X(x, ~x) + C for all x, ~x ∈ X. We shall often talk about a “quasi-isometric embedding”, without specifying the so-called quasi-isometry constants λ and C of f. A quasi-isometry is by definition a quasi-isometric embedding which is quasi-surjective (meaning that there exists a D > 0 such that the Dneighbourhood of im(f) in Y equals all of Y .) A quasi-isometry f has a quasi-inverse, i.e. a quasi-isometric embedding g: Y → X such that f ∘g and g ∘ f are uniformly close to the identity on Y and X respectively; moreover, the quasi-isometry constants of g can be bounded in terms of D, λ, and C. On the monoid of all quasi-isometries of X into itself, one can define an equivalence relation by identifying two quasi-isometries which are uniformly close to each other; the quotient naturally carries a group structure, this is the quasi-isometry group QI(X). For details and background see (??; ??; ??).

Throughout the paper we denote by T (or T^′) an infinite simplicial tree in which the length of all edges is finite and bounded away from zero and each vertex has finite valency (note that the valency is not necessarily uniformly bounded). Recall that a metric space (X, d) is uniformly contractible if there is a function M: R^+ → R^+ such that any continuous map of a finite simplicial complex (not necessarily connected) to X whose image is contained in an r-ball is contractible in an M(r)-ball. For example, any contractible space with a co-compact isometry group is uniformly contractible.

2. Tree×E^n

2.1. Statements

We shall consider spaces of the form T × E^n , where E^n is the Euclidean space of dimension n and × denotes the product metric (with the distance between points in the product space given by the Pythagorean formula). For instance, the Cayley graphs of F_m × Z, where F_m is a free group on m generators, are quasi-isometric to such spaces (with R as the second factor).

Lemma If φ: E^{n+1} → T × E^n is a quasi-isometric embedding, then the image of φ is uniformly close to a “hyperplane in T × E^n ”, i.e. to

L × E^n , where L is a bi-infinite geodesic in T .

THEOREM 2.1. Suppose f: T ×E^n → T^′ ×E^n is a quasi-isometric embedding, and all vertices of T have valency at least 3. Then f “preserves

the E^n -direction”. More precisely, there is a constant D = D(f) > 0

estelle.tex; 18/01/2002; 19:04; p.2

with the property that for any vertex x^′ ∈ T there is a vertex y^′ ∈ T^′ such that f({x^′} × E^n ) and {y^′} × E^n have Hausdorff-distance at most D. Remark In fact, if f is a (λ, C)-quasi-isometry, then one can bound D in terms of λ and C. The proof of this fact is not hard, but tedious; one simply has to give bounds on the relevant constants of quasi-isometry in every step of our proof.

COROLLARY 2.2. Suppose each vertex of T has valency at least 3, and each edge of T has length 1. Then there is a well-defined and natural surjective homomorphism θ: QI(T × E^n ) → QI(T ). Thus QI(T × E^n ) is a semi-direct product QI(T ) n ker(θ), where ker(θ) consists of all quasi-isometries of T × E^n which fix the T -coordinate.

Remarks

1. This result is the best possible: there do exist quasi-isometries of

T × R which are not close to ones of the form f^′ × f^{′′}, where f^′

and f^{′′} are quasi-isometries of T and R. For instance, for any fixed x^′_0 ∈ T consider the “shear” (x^′, x^{′′}) → (x^′, x^{′′} + d_T (x^′, x^′_0)).

2. It is not difficult to find a characterization of the elements of ker(θ).

Let (φ_t)_{t∈T} be a family of mappings E^n → E^n . For (t, x) ∈ T × E^n , let us define φ(t, x) = (t, φ_t(x)). Then φ is a quasi-isometry of

T × E^n (thus belonging to ker θ) if and only if:

(i) There exist λ ≥ 1 and C ≥ 0 such that for all t ∈ T , φ_t is a (λ, C)-quasi-isometry.

(ii) There exist μ > 0 and D ≥ 0 such that for all t, t^′ ∈ T and x ∈ E^n , dEn (φt(x), φt0(x)) ≤ μdT (t, t^′) + D. Proof of the Corollary . Since each point of T is at bounded distance from a vertex, it follows from theorem 2.1 that a (λ, C)-quasi-isometry f of T × E^n induces a well-defined mapping f^′: T → T ; we have to prove f^′ is a quasi-isometry. Since the projection of T × E^n → T is distance-decreasing, we have d(f^′(t), f^′(~t)) 6 λd(t, ~t) + C for all x, ~x ∈ T . If the quasi-inverse g of f is a (λ^′, C^′)-quasi-isometry, then the projection g^′: T → T is, by the same arguments, a mapping T → T with d(g^′(x), g^′(~x)) 6 λ^′d(t, ~t) + C^{′′} such that f^′ ∘ g^′ and g^′ ∘ f^′ are both close to the identity of T . It follows that f^′ and g^′ are quasi-isometries.

estelle.tex; 18/01/2002; 19:04; p.3

2.2. Proofs

We start by presenting a lemma whose proof is a prototype for the sort of argument we shall need for theorem 2.1. This very elegant proof appears to be due to Brian Bowditch (??). We shall give an alternative proof, which allows broader generalisations, later on; thus parts of the present proof are only included for their beauty, and are not strictly necessary for what follows. The result was certainly known before - see (??) Lemma 8.2, (??) Cor. 5.3.

LEMMA 2.3.

All quasi-isometric embeddings E^n → E^n are quasi-surjective. Proof. Suppose f: E^n → E^n is a (λ, C)-quasi-isometric embedding.

The first step is to observe that there is a continuous mapping f_1: E^n →

E^n which is uniformly close to f, i.e. such that dEn (f(x), f1(x)) is

globally bounded.

Here is a sketch proof of this fact, known as the “connect-the-dots argument”. We fix a CW structure of the domain E^n , where the size of all cells is globally bounded by a constant M. Now we build up f_1 by induction on the dimension of the cells. For every vertex v let f_1(v) = f(v). We send each edge e of the CW structure to a geodesic segment between f_1(ı(e)) and f_1(τ(e)). Note that f_1, as defined so far (on the 1-skeleton) is uniformly close to f, because for any point x on e, both f_1(x) and f(x) have distance at most λM +C from f(ı(e)). If a continuous map f_1 on the boundary of a certain i-cell is already given, and if the image of this (i − 1)-sphere by f lies in some ball B_ϵ(x) in the target space, then we can find a continuous mapping of the i-cell which extends the mapping of the boundary, and whose image lies in the same ball. The fact that the size of the cells is uniformly bounded and that f verifies the right inequality ensures that dEn (f(x), f_1(x)) is globally bounded. This completes the construction of f_1.

Thus by replacing f by f_1 and possibly increasing C we obtain a continuous quasi-isometric embedding close to f. Our aim is now to prove the stronger result that f_1: E^n → E^n is actually surjective.

The second step is to extend f_1 to infinity: let us consider the onepoint compactification of E^n , such that the neighbourhoods of ∞ are the complements of the compact subsets of E^n . Let f_1 be such that f_1(x) = f_1(x) if x ∈ E^n and f_1(∞) = ∞. In order to prove that f_1 is continuous, it suffices to show that f_1 is a proper mapping, that is, that the preimages of any compact (i.e. closed and bounded) A ⊂ E^n is again compact. But f^{−1}(A) is closed since f_1 is continuous, and bounded since f_1 is a quasi-isometric embedding (using the left inequality). Thus f_1 is proper, and extending f_1 by sending ∞ to ∞ yields a continuous mapping f_1: E^n ∪ ∞ → E^n ∪ ∞.

estelle.tex; 18/01/2002; 19:04; p.4

There is a homeomorphism δ: S^n → E^n ∪ ∞ identifying E^n ∪ ∞ with the n-sphere; we note that simply by scaling we can choose δ in such a way that for any pair x_a, x_b of antipodal points of S^n we have dE^n (δ(xa), δ(xb)) > λ · C. The third step is to use the Borsuk-Ulam theorem: let’s assume, for a contradiction, that f_1 is not surjective, i.e. that the image of f_1 is in fact contained in a subset of E^n ∪ ∞ which is homeomorphic to E^n . Then by the Borsuk-Ulam theorem (??) there exists a pair of antipodal points x_a and x_b in S^n such that f_1(δ(x_a)) = f_1(δ(x_b)). This is absurd: the (λ, C)-quasi-isometry f_1: E^n → E^n cannot identify two points that are more than λ · C away from each other, nor does it send any point

of E^n to infinity. Therefore f1 is surjective, and so f is quasi-surjective.

Remarks (1) We have proved that there exists a K > 0 such that every point of E^n has distance at most K from im(f). We remark that K can be bounded in terms of λ and C.

(2) When considering the hyperbolic space H^n instead of E^n , there is a well-known alternative proof using the sphere at infinity.

Proof. of theorem 2.1 We fix a CW structure of T ×E^n in which the size of the cells is globally bounded, and each compact subset intersects only finitely many cells. As in step one of the proof of lemma 2.3, since

T × E^n is uniformly contractible, we can replace the quasi-isometric

embedding f of T × E^n into itself by a continuous and proper one. After a further bounded homotopy we can assume that f is transverse. removed_{“(see}

lemma 3.1)” - c’est plus tard!?!

To define what that means and justify it we need some general comments. (We shall use a non-standard definition of transversality, which is convenient for our purposes.)

Suppose f: X → Y is a continuous proper mapping between simplicial or CW complexes of dimension (n + 1), both of which have the property that each cell is in the closure of an (n + 1)- (i.e. maximal)- dimensional one, and with only finitely many cells intersecting any compact subset. We call a point in X or Y generic if it is in the interior of an (n + 1)-dimensional cell. We say f is transverse if for any open rajouté_{“open”–} B (n + 1)-dimensional cell Δ ∈ Y we have that f^{−1}(int(Δ)) has only finitely many path components, each of which lies in the interior of some (n+1)-cell of X, and if the restriction of f to any such path component is a homeomorphism onto Δ. It is a basic fact from PL topology that any continuous proper map f is homotopic to a transverse one, where the homotopy moves points in Y only within their (n + 1)-cells.

Now a point y in the interior of an (n+1)-cell Δ ⊂ Y has only finitely many preimages (all of them generic in X) which can be counted either geometrically or modulo 2. The geometric number is denoted | f^{−1}(y) |.

estelle.tex; 18/01/2002; 19:04; p.5

We recall that if X and Y are compact manifolds, then the modulo 2 count yields the degree modulo 2 of f. (We need the hypotheses on the local finiteness of the CW decomposition and that f be proper in order to get only finitely many cell preimages.)

LEMMA 2.4. Let φ: E^{n+1} → T × E^n be a continuous quasi-isometric embedding. Then its image φ(E^{n+1} ) contains a “hyperplane” L × E^n , where L is a bi-infinite geodesic in T .

Proof. By the same methods as before, we can assume that φ is transverse. Let Y be the union of the closed (n + 1)-cells intersecting

φ(E^{n+1} ). Then the mapping φ has a quasi-inverse ψ: Y → E^{n+1} , which

can also be made continuous and transverse. By definition of a quasiinverse we have that ψ ∘ φ: E^{n+1} → E^{n+1} is uniformly close to the identity map, so there is a homotopy between ψ ∘ φ and idEn+1 which moves every point of E^{n+1} only by a globally bounded distance, namely H(x, t) = tx + (1 − t)ψ ∘ φ(x). Moreover, for all t ∈ [0, 1], the mapping t → H(t, x) is uniformly close to the identity map, so it is proper. So by the same argument as in the proof of lemma 2.3, ψ ∘ φ and its homotopy with the identity map can all be extended to a family of mappings E^{n+1} ∪∞ → E^{n+1} ∪∞. Since the degree of mappings between compact manifolds is invariant under homotopy, and the identity map has degree 1, it follows that ψ ∘ φ: E^{n+1} ∪ ∞ → E^{n+1} ∪ ∞ has degree 1. We now claim that there exists a point y_0 ∈ T ×E^n in the interior of an (n+1)-cell, such that φ^{−1}(y_0) ⊂ E^{n+1} has an odd number of points. To see this, it suffices to note that for a generic point x ∈ E^{n+1} we have that ψ^{−1}(x) ⊂ T × E^n has a finite number of points; all of them are again generic and we can consider their preimages under φ. Since (ψ ∘ φ)^{−1}(x) ∈ E^{n+1} has an odd number of points, and since

| (ψ ∘ φ)^{−1}(x) | = ∑ y∈ψ�1_{(x)} | φ^{−1}(y) | ,

there exists necessarily at least one point y_0 ∈ ψ^{−1}(x) such that φ^{−1}(y_0) ⊂

E^{n+1} has an odd number of points. This proves the claim.

Next, we define a projection mapping proj_{y0} : T × E^n → R× E^n that “folds the tree into a line, pivoting around the point y_0” (see figure 1). More precisely, for every y ∈ T × E^n let y^′ ∈ T and y^{′′} ∈ E^n denote the two coordinates of y, so that for instance y_0 = (y^′_0, y^{′′}_0 ). Then we define a projection proj^′_{y0} : T → R which sends y^′_0 to 0, and the two path components of T − x^′_0 onto R_+ and R_−, in such a way that for every y^′ ∈ T we have | proj^′(y^′) | = d_T (y^′, y^′_0). Finally, we define proj_{y0} = proj^′_{y0} × idEn .

estelle.tex; 18/01/2002; 19:04; p.6

units ¡0.47000cm,0.47000cm¿ 1pt (p) (.) 1pt (p) axes ratio 0.080:0.080 360 degrees from 10.717 21.590 center at 10.636 21.590 1pt (p) axes ratio 0.080:0.080 360 degrees from 5.478 23.495 center at 5.397 23.495 1pt (p) axes ratio 0.080:0.080 360 degrees from 5.160 21.907 center at 5.080 21.907 1pt (p) axes ratio 0.080:0.080 360 degrees from 20.083 21.907 center at 20.003 21.907 1pt (p) axes ratio 0.080:0.080 360 degrees from 20.400 23.019 center at 20.320 23.019 1pt (p) axes ratio 0.080:0.080 360 degrees from 25.798 22.543 center at 25.718 22.543 0.500pt (.) 2.540 21.590 0.318 20.320 / 0.500pt (.) 2.540 21.590 0.159 22.066 / 2.0pt (p) 2.540 21.565 0.635 23.470 / 2.0pt (p) 2.540 21.615 0.635 23.520 / 0.500pt (.) 5.080 21.273 7.303 22.860 / 0.500pt (.) 5.080 21.273 7.620 21.114 / 2.0pt (p) 5.080 21.248 6.826 19.501 / 2.0pt (p) 5.080 21.298 6.826 19.552 / 0.500pt (.) 7.303 22.860 12.541 24.606 / 0.500pt (.) 2.540 21.590 7.779 23.336 / 0.500pt (.) 5.080 21.273 10.319 23.019 / 0.500pt (.) 7.620 21.114 12.859 22.860 / 0.500pt (.) 6.826 19.526 12.065 21.273 / 0.500pt (.) 0.635 23.495 5.874 25.241 / 0.500pt (.) 0.318 20.320 3.651 21.431 / 0.500pt (.) 10.319 23.019 12.541 24.606 / 0.500pt (.) 7.779 23.336 5.874 25.241 / 0.500pt (.) 10.319 23.019 12.859 22.860 / 0.500pt (.) 11.049 22.288 12.065 21.273 / 0.500pt (.) 7.779 23.336 8.477 23.241 / 0.500pt (.) 0.159 22.066 1.587 22.543 / 0.500pt (.) 17.621 21.590 20.161 21.273 / 0.500pt (.) 17.621 21.590 15.240 22.066 / 0.500pt (.) 20.161 21.273 22.701 21.114 / 0.500pt (.) 17.621 21.590 22.860 23.336 / 0.500pt (.) 20.161 21.273 25.400 23.019 / 0.500pt (.) 22.701 21.114 27.940 22.860 / 0.500pt (.) 22.860 23.336 20.479 23.812 / 0.500pt (.) 25.400 23.019 27.940 22.860 / 0.500pt (.) 22.862 23.355 25.402 23.038 / 0.500pt (.) 15.240 22.066 20.479 23.812 / 0.500pt (.) 17.621 21.590 15.240 21.907 / 0.500pt (.) 17.623 21.601 15.240 21.749 / 0.500pt (.) 20.161 21.273 22.701 20.955 / 0.500pt (.) 20.161 21.273 22.701 20.796 / 0.500pt (.) 22.701 20.955 27.940 22.701 / 0.500pt (.) 22.701 20.796 27.940 22.543 / 0.500pt (.) from 12.859 22.543 to 15.399 22.543 15.018 22.400 15.399 22.543 15.018 22.685 / 0.500pt (.) from 27.622 22.701 to 27.940 22.701 0.500pt (.) from 27.622 22.543 to 27.940 22.543 2.0pt (p) 2.540 21.565 5.080 21.248 / 2.0pt (p) 2.540 21.615 5.080 21.298 / y_1 [lB] at 9.842 21.114 y�_1 [lB] at 4.445 23.019 y_0 [lB] at 4.128 21.749 e�_1 [lB]

at 1.429 22.701 e0 [lB] at 3.810 20.955 ~y1 [lB] at 24.765 22.066 e21 [lB] at 6.7 20.45 e^3_1 [lB] at 6.668 22.225 e1 = e1 [lB] at 3.65 19.7 0pt corners at 0.133 25.267 and 27.965 19.412 Figure 1. The projection projy_0 : T × En → R × En (here n = 1, and all edges adjacent to e0 have the same length)

We now consider the composition proj_{y0} ∘ φ: E^{n+1} → R× E^n . Since both φ and proj_{y0} are proper, by the same arguments as before, it can be extended to a mapping between the compactified spaces proj_{y0} ∘ φ: E^{n+1} ∪

∞ → R× E^n ∪ ∞. Moreover, if e0 ⊂ T denotes the edge which contains

y^′_0, then we observe that the restriction of proj_{y0} to e_0 × E^n is a homeomorphism (in fact an isometry). Thus, by counting preimages of the point proj_{y0} (y_0), we find that the map proj_{y0} ∘ φ has odd degree. In particular, it is surjective, which implies in turn that the whole “band” e_0 × E^n ⊂ T × E^n is in the image of φ.

Let us now consider the edges e^i_1 of T adjacent to one of the endpoints of e_0 (see Figure 1). The images of the bands e^i_1 × E^n under the projection proj_{y0} to R×E^n all contain a band of width min_i{length(e^i_1)}. Since proj_{y0} ∘ φ: E^{n+1} → R×E^n has odd degree, we have for any generic point ~y_1 in this image band that |(proj_{y0} ∘ φ)^{−1}(~y_1)| is odd. It follows that at least one of the points of proj^{−1}_{y0} (~y_1) ⊂ T × E^n has an odd number of preimages under φ. Let’s call this point y_1, and let’s denote the corresponding edge among the edges e^i_1 by e_1. Now we can use a projection proj_{y1} pivoting around y_1 to prove, by the same arguments as before, that the whole band e_1 ×E^n is in the image of φ, and covered by φ with degree 1.

Finally, with the help of the projection proj_{y1} , we find a point y_2 in a band e_2 × E^n , and so on. It follows inductively that the image of φ contains a whole hyperplane L×E^n , where L is a geodesic L := ⋃ i∈Z^ei^. Remark Lemma 2.4 enables us to give another proof of lemma 2.3, without using the Borsuk-Ulam theorem:

COROLLARY 2.5. All quasi-isometric embeddings E^n → E^n are quasisurjective.

Proof. It suffices to apply lemma 2.4 in the special case when T is a regular tree of valency 2, i.e. is isometric to R. In this case, we do not even need the procedure of successive projections; the observation that φ has odd degree suffices.

LEMMA 2.6. Let φ: E^{n+1} → T × E^n be a continuous quasi-isometric embedding. Then there exists a constant D^′ = D^′(λ, C) such that the

estelle.tex; 18/01/2002; 19:04; p.7

image φ(E^{n+1} ) lies in the D^′-neighbourhood of a hyperplane L × E^n , where L ⊂ T is a bi-infinite geodesic.

Proof. We recall that there is a continuous (λ^′, C^′)-quasi-isometric embedding ψ: φ(E^{n+1} ) → E^{n+1} (for some λ^′, C^′ ∈ R_+ which can be bounded in terms of λ and C), namely the quasi-inverse of φ. Moreover, by the previous lemma, the image of φ contains a hyperplane (which is isometric to R× E^n ), we only have to prove that it can’t contain much more than that. By lemma 2.3 or lemma 2.5, the restriction of ψ to the hyperplane is already surjective; it follows that φ(E^{n+1} ) ⊆ T × E^n can’t contain any point whose distance to the hyperplane is greater than λ^′ · C^′, for ψ cannot identify points which are more than λ^′ · C^′ away from each other.

We can now finish the proof of theorem 2.1, using an argument which is similar to the one of section 7.2 of (??): if x^′ ∈ T , then we want to study f({x^′} × E^n ). We know from lemma 2.6 that f induces an injective function F from the set of bi-infinite geodesics of T to that of T^′; F can be defined by the fact that f sends any hyperplane

L × E^n near a hyperplane F (L) × E^n . Now consider a tripod centered

at x^′ ∈ T , i.e. three disjoint geodesic rays T_1, T_2, T_3 emenating from x^′. Any two of these rays can be combined to form a bi-infinite geodesics L_{1,2}, L_{1,3} or L_{2,3}. We note that F (L_{1,2}) and F (L_{1,3}) are not identical (because all points in T_3 ×E^n whose distance to L_{1,2} ×E^n is larger than λ · (C + 2D^′) cannot be sent to F (L_{1,2}) × E^n ). Moreover, each geodesic L_{i,j} is contained in the union of the other two, and the same goes for their images f(L_{i,j} ×E^n ); each such image contains a unique hyperplane F (L_{i,j}) × E^n , so each of them must be contained in the union of the other two. We deduce that F (L_{1,2}) ∪ F (L_{1,3}) ∪ F (L_{2,3}) is a tripod in T^′, centered at some point y^′. We now have that f({x^′} × E^n ) = f((L_{1,2} ∩L_{1,3} ∩L_{2,3})×E^n ) ⊆ (N(L^′_{1,2})∩N(L^′_{1,3})∩N(L^′_{2,3}))×E^n , where N denotes the λ^′ ·C^′-neighbourhood. Since N(L^′_{1,2})∩N(L^′_{1,3})∩N(L^′_{2,3}) is a finite neighbourhood of the point y^′, we have completed the proof of theorem 2.1.

3. Generalisations

3.1. Other metrics on R^n

In all the previous section, the metric on R^n was the Euclidean metric. We can observe that most of the arguments in the previous section still work if we replace the Euclidean metric on the topological space R^n by any “reasonable” metric.

estelle.tex; 18/01/2002; 19:04; p.8

Let’s, for the moment, call a metric on R^n tame if it is proper, uniformly contractible, and admits a CW-decomposition of R^n whose cells have uniformly bounded diameter, and with only finitely many cells intersecting any compact subset of R^n. For instance, H^n is homeomorphic

to R^n, equipped with a tame metric. Enlevé_{“Weneed} the follow- ing lemmas:”– B. LEMMA 3.1. Let d, d^′ be tame metrics on R^n. Then any quasi-isometric embedding (R^n, d) → (R^n, d^′) is uniformly close to a continuous mapping.

Proof. This is a simple generalisation of the “connect the dots” argument presented in the proof of lemma 2.3 added_{this}

“proof”– B. LEMMA 3.2. Let d, d^′ be tame metrics on R^n. Let f: (R^n, d) → (R^n, d^′) be a continuous mapping, and suppose there exists a constant K > 0 such that d^′(f(x), x) 6 K for all x ∈ R^n. Then the continuous extension of f to the one-point compactification of R^n has degree one.

Proof. The first step is to construct a homotopy G: R^n × [0, 1] → R^n between f and the identity map (i.e. with G(x, 0) = f(x) and G(x, 1) = x) such that sup_{x∈}Rn_{,t∈[0,1]}d(G(x, t), x) < ∞. Sinc d is tame, there is a CW structure on R^n such that the diameter of all cells for d is uniformly bounded by a constant M. It induces a CW structure on R^n × [0, 1], still with cells of uniformly bounded diameter.

We define G on the cells in R^n×(0, 1) by induction on the dimension, starting with i = 1: suppose G is already defined on the (i−1)-skeleton

of R^n×[0, 1], in such a way that the images under G of the boundaries of

all i-cells have globally bounded diameter. Then we can extend G over the i-cells, and since the metric d^′ on the target space R^n is uniformly contractible, we can do this in such a way that the diameter of the images of the i-cells is again globally bounded.

Since f is uniformly close to the identity map, it is proper, and can be continuously extended to a mapping f: R^n ∪ ∞ → R^n ∪ ∞. As in the proof of lemma 2.4, the homotopy G between f and the identity map on R^n can be extended to R^n ∪ ∞. Since the degree of mappings between compact manifolds is invariant by homotopy, f has degree 1.

PROPOSITION 3.3.

(a) The analogue of theorem 2.1 holds for the metric space T × R^n, where R^n carries any tame metric.

(b) Let d, d^′ be two tame metrics on R^n. Then all quasi-isometric embeddings (R^n, d) → (R^n, d^′) are quasi-surjective.

estelle.tex; 18/01/2002; 19:04; p.9

3.2. Graphs of Z^ns

We shall now show that our previous results also hold for a larger class of spaces, namely the graphs of groups in which all vertex groups and edge groups are Z^n.

This class of groups includes for example all the Baumslag-Solitar groups, which have been studied in (??) and (??), and also finitely presented non polycyclic abelian-by-cyclic groups, which are special cases of HNN-extensions of Z^n, and have been treated in (??). Using powerful coarse separation results in (??), results similar to ours (and much more general results) have been proven in (??) and (??), in order to obtain quasi-isometric rigidity results for that class of groups and other, larger classes. It seems likely that our techniques can be applied to more general classes of graphs of groups than graphs of Z^ns. We refer the reader to (??) for references concerning graphs of groups.

For our purposes, we don’t need a detailed description of the Cayley graphs of such graphs of groups. All we need to know about them are the following well-known facts.

There is a metric space X quasi-isometric to the Cayley graph of the graph of groups and homeomorphic to T × R^n, where T denotes the Bass-Serre tree of the graph of groups. More precisely, X can be constructed by taking a copy of R^n for each vertex v of T , a copy of

R^n × [0, 1] for each edge e of T , and if e connects the vertices τ(e) and

ı(e), then we attach the boundaries R^n × {0} respectively R^n × {1} to

the R^ns lying over the vertices τ(e) and ı(e) respectively, by an (affine)

linear transformation. Only a finite number of different such glueing maps occur in the whole space X, namely the natural extensions to R^n of the inclusion maps from edge- to vertex groups that appeared in the graph of groups. In particular, there is a constant λ > 0 such that all glueing maps are bilipschitz, dilating distances only by factors between 1/λ and λ.

If every R^n × [0, 1] is fibred by segments {x} × [0, 1], then after the glueing we obtain a trivial fibration of X by copies of T . Choosing any point of X as the basepoint, we get a (piecewise linear) homeomorphism

ζ: R^n × T → X which identifies each R^n × e, where e is an edge of T ,

with a copy of R^n×[0, 1] in X, and in particular R^n×{0} by the identity map with the horizontal plane through the base point. In particular, d_X(ζ(x, t), ζ(x, t^′)) = d_T (t, t^′) for all t, t^′ ∈ T and x ∈ R^n. We stress that the map ζ is not canonical, but depends on the choice of basepoint for H.

Slightly different descriptions of metric spaces associated to such graphs of groups can be found in (??), (??) (for Baumslag-Solitar groups

estelle.tex; 18/01/2002; 19:04; p.10

and graphs of Zs), (??) (for finitely presented abelian-by-cyclic groups) and (??) (for graphs of Z^ns).

We define a hyperplane H in X to be a subset homeomorphic to

R^{n+1} corresponding to (a geodesic in T ) × R^n. Note that hyperplanes

are in general not quasi-convex in X. A hyperplane H consists of a

Z-family of “horizontal bands” R^n × [0, 1], where R^n is equipped with

the Euclidean metric, and the boundary R^n × {1} of the ith copy is identified with the boundary R^n × {1} of the (i + 1)st by a bilipschitz (and in fact affine linear) mapping with Lipschitz constant λ.

In the following lemma we shall, by abuse of notation, use the identification of H with R^n × R by ζ without explicitly writing the homeomorphism. Thus the Euclidean metric on R^n × R gives rise to a metric d_{Eucl} on H.

We remark that R^n × {t} in H is in general not quasi-convex, and we shall denote by d_H the shortest path metric in H. Note that H, equipped with the metric d_H, is a geodesic metric space. We note as well that d_H ((x, t), (x^′, t^′)) ¿ d_T (t, t^′) for all (x, t), (x^′, t^′) ∈ H.

LEMMA 3.4. (a) There exists a mapping ρ: R_+ → R_+ such that lim_{t→∞} ρ(t) = ∞ and and for all h_1, h_2 ∈ H we have:

ρ(d_H(h_1, h_2)) 6 d_X(h_1, h_2) 6 d_H (h_1, h_2).

(b) For every K > 0 there exist functions α_+, α_−: R_+ → R_+ such that lim_{t→∞} α_±(t) = ∞ and for all h_1, h_2 ∈ R^n × [−K, K] we have

α_−(d_{Eucl}(h_1, h_2)) 6 d_H(h_1, h_2) 6 α_+(d_{Eucl}(h_1, h_2)).

Moreover, α_± can be chosen independently of the choice of basepoint in H. Proof. (a) Let x, y be two points of H such that d_X(x, y) = D.

Clearly d_X (x, y) 6 d_H(x, y). Let γ be a geodesic in X between x and y. Considering the vertical projection of γ on H, we obtain that d_H(x, y) ≤ λ^DD. (b) We observe that there are such functions α^′_± with α^′_−(d_{Eucl}((x, t), (0, 0))) 6 d_H((x, t), (0, 0)) 6 α^′_+(d_{Eucl}((x, t), (0, 0))). Moreover, we have by construction d_H((x, t), (x^′, t^′)) = d_H ((x + v, t), (x^′ + v, t^′)) for all v ∈ R^n, and d_H((x, t), (x^′, t^′)) and d_H((x, t + u), (x^′, t^′ + u)) differ only by a factor between 1/λ^{|u|} and λ^{|u|}.

LEMMA 3.5. Let H be a hyperplane of X. Then (H, d_X) is uniformly contractible.

Proof. Thanks to lemma 3.4(a), it suffices to prove that (H, d_H) is uniformly contractible.

estelle.tex; 18/01/2002; 19:04; p.11

We note that by lemma 3.4(b) the d_H-ball of radius R > 0 around (0, 0) ∈ R^n × R is contained in the “cylinder” B(r) × [−R, R], where B(r) denotes of Euclidean ball of some sufficiently large radius r = r(R) around 0 ∈ R^n. This cylinder is contractible, and in turn by lemma 3.4(b) contained in some sufficiently large d_H -ball. Since all these estimates were independent of the choice of the basepoint in H, we have (a).

LEMMA 3.6. Let H and H^′ be two hyperplanes in X (both equipped with the d_X-metric). Then any quasi-isometric embedding f: H → H^′ is quasi-surjective.

Proof. It is easy to see that (H, d_X) and (H^′, d_X) satisfy the hypotheses of lemma 3.3 (a).

LEMMA 3.7. Let (H, d_X) be a hyperplane of X and φ: H → X a continuous quasi-isometric embedding. Then its image contains a hyperplane of X.

Proof. The proof of lemma 2.4 goes through virtually unchanged. It is easy to find a CW structure of X in which the diameter of all cells is uniformly bounded, and every compact subset intersects only finitely many cells. By the same methods are before, we can assume that φ is continuous and transverse, and that its quasi-inverse ψ: φ(H) → H is continuous and transverse too. Then ψ ∘ φ: H → H is a continuous map which is uniformly close to the identity map. H is homeomorphic

to R^{n+1}, the metric dX of H is proper and uniformly contractible, and

after applying lemma 3.4(a) we see that the conclusion of lemma 3.2 holds for H. Thus, if ψ ∘ φ is the continuous extension of ψ ∘ φ to H ∪ ∞, then ψ ∘ φ has degree 1. Finally, we have to find a hyperplane in the image of φ “band by band”, using appropriate projection maps proj_{yi} : X^ζ �1 → R^n × T → R^n × R.

In fact, due to lemma 3.6, we even have (generalising lemma 2.6) that the image of a hyperplane under a (λ, C) continuous quasi-isometric embedding lies in a D^′-neighbourhood of a hyperplane, where D^′ = D^′(λ, C). If π: X → T is the canonical surjection, we finally obtain the following generalisation of theorem 2.1 and corollary 2.2:

THEOREM 3.8. Let f: X → X a quasi-isometric embedding. Then there is a constant D = D(f) > 0 with the property that for any vertex x^′ ∈ T of valency at least 3, there is a vertex y^′ ∈ T^′ such that f(π^{−1}(x^′)) and π^{−1}(y^′) have Haussdorf-distance at most D.

If T has infinitely many ends, there is a well-defined and natural morphism θ: QI(G) → QI(T ).

estelle.tex; 18/01/2002; 19:04; p.12

Proof. The proof of theorem 2.1 goes through virtually unchanged. If T has infinitely many ends, there is a constant M > 0 such that any vertex is at distance at most M from a vertex of valency at least 3. Then any quasi-isometry f of X induces a well-defined mapping f^′: T → T . The rest of the proof of corollary 2.2 goes verbatim.

Petits changements ici, e.g. je n’aime pas dire “it is easy to see” trop souvent – B

Remarks Note that, unlike in corollary 2.2, here θ is not necessarily surjective (cf (??)).

We also remark that the above result still holds when one considers two different graphs of groups and associated spaces X and X^′, as in theorem 2.1.

It is worth noting that computing the quasi-isometry groups of such groups is still an open problem in general, even in the special case of finitely presented, non polycyclic, abelian-by-cyclic groups studied in (??).

3.3. Uniform embeddings

In fact, one can show that the previous results still hold for slightly weaker hypotheses about the mapping.

A mapping f: X → Y is said to be a uniform embedding if it verifies the following inequalities:

(i) there exists (λ, C) such that for all x, x̃ ∈ X, d_Y (f(x), f(x̃)) ≤ λd_X(x, x̃) + C. (ii) for all A > 0, there exists B > 0 such that for all x, x̃ ∈ X, if d_Y (f(x), f(x̃)) ≤ A then d_X (x, x̃) ≤ B. Note that the first property implies the following one:

(i)’ for all A^′ > 0, there exists B^′ > 0 such that for all x, x̃ ∈ X, if d_X (x, x̃) ≤ A^′ then d_Y (f(x), f(x̃)) ≤ B^′.

A mapping verifiying the properties (i)’ and (ii) will be called a weak uniform embedding.

If X is connected, then any weak uniform embedding is a uniform embedding. Note that quasi-isometric embeddings are uniform embeddings, and that any continuous uniform embedding between proper spaces is a proper mapping.

It is not difficult to show that if f: X → Y is an almost surjective weak uniform embedding, then there exists M > 0 and a weak uniform embedding g: Y → X such that d_X(g ∘ f(x), x) ≤ M for all x ∈ X and d_Y (f ∘ g(y), y) ≤ M for all y ∈ Y . Any such g is called a weak inverse of f.

estelle.tex; 18/01/2002; 19:04; p.13

Lemma 2.3 remains true if f is a weak uniform embedding. One can see that the “connect-the-dots argument” still holds thanks to inequality (i)’, so that one can assume that f is continuous. In order to show that f is proper, one only needs to show that the preimages of bounded sets are bounded, which remains true due to inequality (ii). Then, thanks to (i)’, there is a constant B^′ such that f cannot identify two points which are more than B^′ away from each other, so that the rest of the proof still holds.

Similarly, the proof of lemma 2.4 can be adapted easily: let ψ be a weak inverse of φ. Then one only needs inequality (i) to apply the “connect-the-dots” argument for φ and ψ. For the rest of the proof, one only needs the facts that ψ ∘ φ is uniformly close to identity, and that φ is proper. The analogue of 2.1 follows.

4. Counterexamples

One motivation of the present paper was the connection of the main theorem with quasi-isometries of F_2 ×F_2: it was also proved in (??) that QI(F_2 ×F_2) ∼= (QI(F_2)×QI(F_2))oZ_2, where the Z_2-factor comes from the interchange (t^′, t^{′′}) → (t^{′′}, t^′). However, we shall give an example to show that this result is more subtle than our main theorem, and not directly amenable to our methods of proof. More precisely, one might conjecture that, in analogy with the previous cases, any quasi-isometric embedding T ×R → T ×T sends any plane uniformly close to a product of geodesics.

rajouté “To disprove this” – B

To disprove this, we let T be the Cayley graph of the group F_2, equipped with a basepoint ∗, one of the vertices of T . Let γ^′ be a geodesic ray in T starting at ∗.

PROPOSITION 4.1. There exists a quasi-isometric embedding g: T ×

R → T × T such that g({∗} × R) = γ^′ × {∗} ∪ {∗} × γ^′. That is, g sends

a geodesic {∗} × R to an “L”-shaped line in T × T .

Proof. Let T_+ be a tree equal to T , except that at the vertex ∗ two extra (fifth and sixth) branches (consisting of rooted infinite four-valent trees) have been attached; so we have T ⊂ T_+. Let γ ⊆ (T_+\T ) ∪ ∗ be an infinite geodesic ray in one of the added branches, starting at ∗. It is well known that there exists a quasi-isometric embedding T_+ → T that sends γ homeomorphically onto γ^′. Thus in order to prove the theorem it suffices to construct a quasi-isometric embedding f: T ×R → T_+ ×T_+ satisfying the same condition f({∗} × R) = γ × {∗} ∪ {∗} × γ.

We shall first construct f, and then prove that it is a quasi-isometric embedding. We define f on the 0-level T × {0} by f((t, 0)) = (t, t). On

estelle.tex; 18/01/2002; 19:04; p.14

the x-level T × {x} (x ∈ R_+), the definition goes as follows: we first define g_x: T → T_+ to be the continuous function which moves any point in T by a distance of x towards the limit point at infinity γ^∞ of the geodesic ray γ (e.g. γ is just shunted by the distance x along itself). Now we define f((t, x)) = (t, g_x(t)). Similarly for x < 0 we define f((t, x)) = (g_{−x}(t), t).

We now prove that f is a quasi-isometry, and in fact bilipschitz. Let (t, x), (t^′, x^′) ∈ T × R be two points. Obtaining an upper bound for d_{T+×T+} (f(t, x), f(t^′, x^′)) is easy – just observe that, using the triangle inequality, d_{T ×T} (f(t, x), f(t^′, x^′)) ≤ √ 2d_T (t, t^′) + |x − x^′|. It remains to give a lower bound; such a bound can be immediately deduced from the following inequalities (1), (2a), and (2b): d_{T+×T+} (f(t, x), f(t^′, x^′)) ¿ 1 √ 2 |x − x^′|, (1) d_{T+×T+} (f(t, x), f(t^′, x^′)) ¿ √ 2d_T (t, t^′) − |x − x^′| if x · x^′ < 0, (2a)

d_{T+×T+} (f(t, x), f(t^′, x^′)) ¿ d_T (t, t^′) if x · x^′ ¿ 0. (2b)

From inequalities (2b) if x · x^′ ≥ 0 and (1) and (2a) if x · x^′ < 0, one can deduce the following inequality: d_{T+×T+} (f(t, x), f(t^′, x^′)) ¿ √ 2 √ 2 + 1 d_T (t, t^′) (2c)

To see that inequality (1) holds, note that T_+ × T_+ is “foliated” by sets

S_x := {(t, t^′) | d_T (t, t^′) = x, and t^′ lies on a geodesic from t to γ^∞} (x ¿ 0),

S_x := {(t, t^′) | d_T (t, t^′) = x, and t lies on a geodesic from t^′ to γ^∞} (x 6 0).

With this definition, f(t, x) ∈ S_x for all (t, x) ∈ T × R. We now observe that the subsets S_x and S_x0 of T_+ ×T_+ have distance at least^{1√}_2 |x−x^′| (because walking from a point (t, t^′) to a point at distance 1 from it, we can change the quantity d_{T+} (t, t^′) by at most √ 2). For inequality (2a), which is of course vacuous if d_T (t, t^′) < |x − x^′|, we notice that d_{T+×T+} (f(t, 0), f(t^′, 0)) = √ 2d_T (t, t^′). Moreover, d_{T+×T+} (f(t, 0), f(t, x)) ≤ |x|, and similarly for t^′; (2a) follows from the triangle inequality.

Finally for (2b) observe that the projections p_1, p_2: T_+ × T_+ → T_+ onto the first or second coordinate are distance decreasing functions. For x, x^′ ¿ 0 it follows that d_{T+×T+} (f(t, x), f(t^′, x^′)) ¿ d_{T+} (p_1(f(t, x)), p_1(f(t^′, x^′))) = d_T (t, t^′). For x, x^′ 6 0 one uses the same argument with p_1 replaced by p_2.

estelle.tex; 18/01/2002; 19:04; p.15

Let Y be the infinite tripod. We want to think of Y as R∪ α, with α isometric to R_+ and the points 0 ∈ R and 0 ∈ R_+ identified.

THEOREM 4.2. There exists a quasi-isometric embedding h: T ×Y → T ×T sending the geodesic {∗}×R to the L-shaped line γ×{∗}∪{∗}×γ.

Proof. As before, it suffices to construct a quasi-isometric embedding g̃: T × Y → T_+ × T_+ satisfying the condition g({∗} × R) = γ × {∗} ∪ {∗} × γ. In the previous proposition, we constructed a mapping f: T × R → T_+ × T_+. We observe that the preimage f^{−1}(T × {∗}) is the set T_0 := {(t, d_T (t, ∗)) | t ∈ T } ⊂ T × R, which is just a quasi-isometric copy of T . (Note that T_0 is only the preimage of T × {∗}, not of T_+ × {∗}.) Let ψ: T × R → T × R be defined by ψ(t, x) = (t, x + d_T (t, ∗)). Clearly ψ is a quasi-isometry which sends T × {0} to T_0, and ψ({∗} × R) = {∗} × R.

We now claim that the mapping f ∘ ψ: T × R → T_+ × T_+ can be extended to a quasi-isometric embedding T ×Y → T_+ ×T_+. So we have to extend f ∘ψ over T ×α, and we shall do it in the most obvious possible way. Let δ be another geodesic ray in T_+\T starting at ∗, disjoint from γ except at ∗, and δ(x) ∈ T_+ the point on it at distance x from ∗. Then the extension of f ∘ ψ over T × α is defined by (t, x) → (t, δ(x)). One can show that this extended mapping is a quasi-isometric embedding, using similar methods as those of the previous proposition.

We finish with a few speculations about semidirect product spaces of the form T o_Φ Z, where Φ: T → T is a quasi-isometry (typically T is the Cayley graph, and Φ an automorphism of F_m. Such spaces have been studied in (??)). Explicitely, we take a Z-family of copies of T ×[0, 1] and glue the “top end” T ×{1} of the jth to the “bottom end” T × {0} of the j + 1st, using Φ as the gluing map. This space contains some obvious “hyperplanes”: their intersection with each “level”, i.e. each copy of T × [0, 1], consists exactly of (a geodesic in T )×(0, 1], and if L_j is the geodesic on the jth level, then L_{j+1} is the unique geodesic uniformly close to Φ(L_j).

It is a major open problem to decide whether quasi-isometries of such spaces send obvious hyperplanes uniformly close to obvious hyperplanes. It is tempting to conjecture some generalisation of lemma 2.6 like: “If f: R^2 → T o_Φ Zis a quasi-isometric embedding (with R^2 carrying any proper uniformly contractible metric) then im(f) is at finite Hausdorff distance from an obvious hyperplane.” Unfortunately, this conjecture appears to be false.

We outline here how a counterexample may be constructed; details will appear elsewhere. If Φ: F_m → F_m is a free group automorphism, lifting to a quasi-isometry of the Cayley graph T of F_m with six fixed

estelle.tex; 18/01/2002; 19:04; p.16

points on the limit set, three of which are attracting (say a_1, a_3, a_5) and the other three repelling (say a_2, a_4, a_6) - this can e.g. be obtained using a pseudo-Anosov automorphism of a punctured surface). The idea is now to send a plane into F_m o_Φ Zin the following way: consider six rays R_+ emanating in a starlike fashion from the point (0, 0) in the plane, cutting it into six “wedges”. We send this star to the 0th copy of T_m×[0, 1], to six infinite rays, and we denote the limit point at infinity of the image of the ith ray of the star (in the cyclic ordering) by b_i ∈ ∂T × [0, 1]. We choose the mapping in such a way that lim_{j→∞} Φ^j(b_{2i−1}) = lim_{j→∞} Φ^j(b_{2i}) = a_{2i−1} (indices modulo 6), and lim_{j→−∞} Φ^j(b_{2i}) = lim_{j→−∞} Φ^j(b_{2i+1}) = a_{2i}. We can now extend the mapping over the six wedges in R^2, in such a way that 3 of them get sent to the “upper half” (j ¿ 0) of T o_Φ Z, and the other three into the lower half (j 6 0). More precisely, this is done in such a way that, restricting our attention to say the upper half of T o_Φ Z, the image of the plane just seems to consist of 3 obvious hyperplanes, namely the ones whose intersection with the 0-level are the geodesics b_1b_2, b_3b_4, and b_5b_6.

Acknowledgements We thank Benson Farb and Lee Mosher for helpful comments. Hamish Short, who is E.S.’s thesis advisor, was a constant source of help and encouragement.

References

B. Bowditch, Personal communication.

M. Bridson, A. Haefliger, Metric spaces of non-positive curvature. Grundlehren der Mathematischen Wissenschaften, 319. Springer-Verlag, Berlin, 1999.

A. Eskin, B. Farb, Quasi-flats and rigidity in higher rank symmetric spaces. Journal AMS. , Vol. 10, No.3, July 1997, 653–692.

B. Farb, L. Mosher, A rigidity theorem for the solvable Baumslag-Solitar groups.

With an appendix by Daryl Cooper. Invent. Math. 131 (1998), no. 2, 419–451. B. Farb, L. Mosher, On the asymptotic geometry of abelian- by-cyclic groups. Acta Math. , Vol. 184, No.2 (2000), 145–202.

B. Farb, R. Schwartz, The large-scale geometry of Hilbert modular groups, J. Diff.

Geom. 44, No.3 (1996), 435–478.

É. Ghys, A. Haefliger, A. Verjovsky (Ed.), Group theory from a geometrical viewpoint. Proceedings of the workshop held in Trieste, March 26–April 6, 1990. World Scientific Publishing Co., Inc., River Edge, NJ, 1991. ISBN 981-02-0442-6 É. Ghys, P. de la Harpe, Sur les groupes hyperboliques d’après Mikhael Gromov, Progress in Mathematics, 83, Birkhäuser Boston, Inc., Boston, MA, 1990. ISBN 0-8176-3508-4.

Hirsch, Morris W. Differential topology. Graduate Texts in Mathematics, 33.

Springer-Verlag, New York, 1994. ISBN: 0-387-90148-5 M. Kapovich, B. Kleiner, Coarse Alexander duality and duality groups, preprint. M. Kapovich, B. Kleiner, B. Leeb, Quasi-isometries and the de Rham decomposition.

Topology 37 (1998), 1193–1211.

N. Macura, Quasi-isometries and mapping tori, PhD Thesis, Utah 1999.

estelle.tex; 18/01/2002; 19:04; p.17

L. Mosher, M. Sageev, K. Whyte, Quasi-actions on trees, research announcement, May 2000, http://xxx.lanl.gov/abs/math.GR/0005210.

P. Papasoglu, Group splittings and asymptotic topology, preprint. P. Scott, T. Wall, Topological methods in group theory, in Homological group theory, 137–203, Proc. Symp. Durham 1977, LMS Lect. Note Ser., 36, Cambride University Press, Cambridge- New York, 1979.

J. Stallings, Lectures on polyhedral topology, Tata institute notes, 1968. K. Whyte, The Quasi-Isometry Types of the Higher Baumslag-Solitar Groups, preprint.

estelle.tex; 18/01/2002; 19:04; p.18