3 The singular cubical set of a topological space

Abstract For any topological space X let C(X) be the realisation of the singular cubical set of X ; let ∗ be the topological space consisting of one point. In [1] Antolini proves, as a corollary to a general theorem about cubical sets, that C(X) and X × C(∗) are homotopy equivalent, provided X is a CW-complex. In this chapter we give a short geometric proof that for any topological space X there is a natural weak homotopy equivalence between C(X) and X ×C(∗). This chapter is joint work with Rosa Antolini.

Let X be a topological space. The realisation of the singular cubical set of X, C(X), is the CW-complex defined as follows: let I := [0, 1], with basepoint at 0 and oriented from 0 to 1. So I^n is the n-cube, equipped with a basepoint, an ordering of the coordinate directions and an orientation of all its edges. Then the n-cells of C(X) are given by copies of the n-cube I^n , one for each continuous map from I^n to X . A typical n-cell of C(X) is denoted by I^n_f , where f: I^n → X . To define the attaching maps consider the face maps δ^ϵ_i (n): I^n → I^{n+1}, given by (x_1, ..., x_n) → (x_1, . . ., x_{i−1}, ϵ, x_i, . . ., x_n) for i = 1, . . ., n + 1 and ϵ ∈ {0, 1}. The attaching maps of C(X) are defined by identifying the point (x_1, ..., x_{i−1}, ϵ, x_i, ..., x_n) ∈ ∂I^{n+1}_f with the point (x_1, ..., x_n) ∈ I^n_{f ∘∂}ϵ_{i (n)} . For background information on cubical sets see [1] or [6].

Remark C(∗) has only one cell in each dimension, denoted by I^n_∗ . It is proved in [7] that C(∗) is homeomorphic to S^1_∞ , the free topological monoid on the circle. By a theorem of James [15] this is homotopy equivalent to ΩS^2 , the loop space on the sphere. So we have C(∗) ≃ ΩS^2 .

There is a natural map ϕ: C(X) → X × C(∗) defined in the following way: the constant map X → ∗ induces p: C(X) → C(∗). Furthermore, each point x ∈ C(X) is in the interior of a unique cell, say I^n_f , of C(X), where n ∈ N and f: I^n → X . Then we define ϕ(x) := (f(x), p(x)) ⊆ X × C(∗). Theorem 3.1 Let X be a topological space. Then the map ϕ: C(X) → X × C(∗) is a weak homotopy equivalence, i.e. ϕ_∗: π_q(C(X)) → π_q(X × C(∗)) ∼= π_q(X) ⊕ π_q(C(∗)) is an isomorphism for all q ∈ N.

We start by reviewing the correspondence between maps from a manifold to C(X) and certain diagrams in the manifold, which was introduced in [7]. Let Q^q be a q - dimensional smooth manifold. A map f: Q^q → C(X) is called transverse if for each open i-cell c of C(X) there exists a q − i-dimensional manifold M^{q−i} with boundary and a diffeomorphism κ: f^{−1}(c) → M^{q−i} × c such that the diagram f^{−1}(c)^κ−→ M^{q−i} × c f ↘ ↓p_2 c commutes, where p_2 denotes the projection on the second coordinate. Thus M^{q−i} is a submanifold of Q^q , which is framed by copies of c.

By indicating which point of Q^q is mapped to which cell of C(X) we obtain a diagram in Q^q (see Figure 3.1). We call the closure of a path component of the preimage of an open cell in the complex C(X) a region of the diagram. As seen above, a region which is the preimage of an i-cell is naturally diffeomorphic to M^{q−i} ×I^i ; using the notation of handle theory we can call all the manifolds M^{q−i} × {d} and {m} × I^i (d ∈ I^i, m ∈ M^{q−i} ) parallels of the core respectively the cocore of M^{q−i} × I^i , and we can call the region a q − i-region or a region of index q − i. For instance, in Figure 3.1(a) we have a diagram representing a map S^2 → C(∗) with 3 0-regions, 6 1-regions and 5 2-regions. The ordering of the coordinate directions of the 2-cell of C(∗) has been indicated by drawing the preimages of I × {0, 1} ⊆ I^2 in solid, and the preimages of {0, 1} × I ⊆ I^2 in broken lines.

Figure 3.1: (a) A diagram in S^2 with 14 regions. (b) introducing a sphere

Two regions in a diagram are called adjacent if they have at least one point in common. For instance, there are 6 regions adjacent to the region R in Figure 3.1(a). A region is called adjacent to the core of a region M^{q−i} × I^i if it has at least one point in common with ∂M^{q−i} × int(I^i). For instance, there are two regions, both of index 0, adjacent to the core of the region S .

Thus in a diagram every region is labelled by one cell of C(X), and the labelling of adjacent regions is consistent in the following sense: if a q − i-region is labelled by a cell c then an adjacent q − i + 1-region is labelled by a face of c.

To prove Theorem 3.1 we will exploit the fact that the above construction defines a natural one-to-one correspondence between transverse maps from a manifold Q^q to C(∗) and diagrams in Q^q with a consistent labelling of the regions by cells of C(∗). Homotopies of maps Q^q → C(∗) correspond to cobordisms of such diagrams.

The ways in which a diagram can change under a (transverse) homotopy of the map Q^q → C(∗) are explained in detail in [7], chapter 4. Here we only need the following procedure: let B ⊆ Q^q be a q -ball such that ∂B intersects the diagram transversely. Let Γ ∼= S^{q−1} × [0, 1] be a collar of ∂B in B . Then we define a homotopy f_t (t ∈ [0, 1]) of f = f_0: Q^q → C(∗) which is fixed on Q^q − B as follows: if for a point q ∈ B − Γ we have that f_0(q) = (x_1, ..., x_i) ∈ I^i (in the unique i-cube of C(∗)), then we define f_t(q) := (x_1, ..., x_i, t) ∈ I^{i+1} . If for a point q = (s, u) ∈ Γ ∼= S^{q−1} × [0, 1] we have f_0(q) = (x_1, ..., x_i) ∈ I^i , then we define f_t(q) := (x_1, ..., x_i, ut) ∈ I^{i+1} . The effect of this homotopy is to ‘introduce a sphere inside ∂B ’, and to leave the rest of the diagram unaffected. (By making the homotopy transverse we obtain a cobordism of diagrams, i.e. a diagram in Q^q × I . It is just the trivial cobordism, with one extra dome, whose boundary is Γ ⊆ Q^q × {1}.) An example is given in Figure 3.1(b), where the bold line denotes ∂B . By placing the collar of B outside B , we can in a similar fashion ‘introduce a sphere outside ∂B ’.

Similarly, homotopy classes of maps Q^q → C(X) are in one-to-one correspondence with cobordism classes of diagrams in Q^q with a consistent labelling of the regions by cells of C(X), i.e. maps I^n → X .

Proof of the Theorem Let Q^q be a smooth q -manifold, possibly with boundary. For every map s : Q^q → X × C(∗), there exist two maps s_X : Q^q → X and s_C : Q^q → C(∗) such that s(q) = (s_X(q), s_C(q)) for all q ∈ Q^q . If the map s_C is transverse, then it gives rise to a diagram in Q^q . We now describe a necessary and sufficient condition for the existence of a map s̃: Q^q → C(X) such that s = ϕ ∘ s̃. If for every single (q − i)-region of the diagram (i ∈ {0, ..., q}) we have that

s_X ((m_1, d)) = s_X ((m_2, d)) for all m_1, m_2 ∈ M^{q−i}, d ∈ I^i,

i.e. if all parallels of the cocore are mapped to X in the same way, then s_X together with the diagram determines a unique lifting Q^q → C(X), by sending a cocore c to the cell I^i_{sX |c} . Conversely, for any map s̃: Q^q → C(X) the diagram of ϕ ∘ s̃: Q^q → C(X) →

X × C(∗) satisfies the above condition. We say ‘s_X is compatible with the diagram of s_C ’ or simply ‘s is compatible’. For instance, for any compatible map s the restriction of s_X to a q -region is a constant map, while the restriction to a 0-region is arbitrary. Proof that ϕ_∗ is surjective: Let s: S^q → X × C(∗) be a representative of a given element of π_q(X × C(∗)). We can make s_C transverse (this is e.g. proved in [7]). Then we introduce q spheres inside one q -region of the diagram of s_C , which intersect each other as indicated (for the case q = 2) in Figure 3.2. Thus we can assume that the diagram of s_C has at least one region R of index 0. After a homotopy of s_X we can assume that s_X (t) = s_X (∗_Sq ) for all t ∈ S^q − R (where ∗_Sq is the basepoint of S^q ). Now s_X is compatible with the diagram of s_C , so s lifts to a map s̃: S^q → C(X).

Figure 3.2: A diagram in S^2 with 4 regions of index 0

Proof that ϕ_∗ is injective: Let B^q be a q -dimensional ball, and let s: B^q → X ×C(∗) be a map such that s_C is transverse, and such that the restriction s|_{∂B}q : S^{q−1} → X × C(∗) is compatible. Our aim is to homotope s relatively to ∂B^q such that s is compatible everywhere.

After collaring we can assume that there exists an embedded q -ball B ⊆ B^q such that the restriction s|_Bq_{−B} is compatible. Next we introduce a sphere inside ∂B in the diagram of s_C (see Figure 3.3). Still, s|_Bq_{−B} is compatible, and in addition we have that every region in B^q either lies entirely in B or entirely in B^q − B . For the rest of the proof we shall leave s_X |_Bq_{−B} untouched. The following two observations will be crucial in the proof:

Observation 1 Given a map f: B^q → X × C(∗) such that f_C is transverse, and a subset U of B^q such that f |_U is compatible. By a homotopy of f_C introduce a sphere into the diagram, in any position. Then after the homotopy f |_U is still compatible. Observation 2 Suppose we have a map B^q → C(∗)×X , a ball B ⊆ B^q and a thickened sphere in B inside ∂B as above. Let U be a region in B . Then any region adjacent to the core of U is also in B .

Figure 3.3: The bold line is ∂B .

Recall that we want to modify s relatively to ∂B^q such that it becomes compatible on all B^q . We shall do this by downward induction on the index of the regions. So suppose inductively that we have a transverse map s: B^q → X × C(∗) such that s restricted to any region of index at least q − i + 1 is compatible. To do the induction step i − 1 → i, we shall exhibit a homotopy of s which leaves s|_{∂B}q and s_X |_Bq_{−B} unaltered, such that s restricted to any q − i-region is compatible.

Let R_1, .., R_n ⊆ B be the q−i-regions in B . Each of them is a q -manifold with boundary, and its core is a q − i-dimensional manifold with boundary. The homotopy will only change s_X on R_1, ..., R_n and the regions adjacent to their cores. Let {B_j}_{j∈{1,...,J}} , where J ∈ N, be a set of q -balls in B^q such that

(1) for each j ∈ {1, ..., J} the intersection of B_j with the union of all cores has at least one path component which is homeomorphic to a q − i-ball. We call this component A_j . Note that the intersection of B_j with the corresponding q − i-region is homeomorphic to A_j × I^i . (2) ⋃ j=1,...,J Aj × I i = R_1 ∪ ... ∪ R_n . It is clear that such a set of balls exists. Moreover, we have that for R_l = M^{q−i} × I^i (l = 1, ..., n) the map s, restricted to M^{q−i} × ∂I^i , is compatible, i.e. that all parallels of the boundaries of the cocores are mapped to X in the same way.

Figure 3.4: The induction on j (q = 2, i = 1)

We now use a second induction, on the index j of the balls B_j (j = 1, ..., J ). The inductive hypothesis is that s is compatible on those regions in A_k × I^i (k = 1, ..., j − 1) which have index q − i. For j = 1, this is trivially satisfied. To do the step from j − 1 to j , introduce a q − 1-sphere outside ∂B_j . This will create new q − i-regions outside R^{q−i} , but, by Observation 1, s is compatible on these newly created regions. Let m be a point in the interior of A_j . Recall that A_j is a q − i-ball, so we can radially expand the cocore m × I^i until it fills A_j × I^i . This induces a homotopy of the map s_X

Figure 3.5: The homotopy of the map s_X in Figure 3.4(c) (x_1, x_2 ∈ X )

which changes s_X only on A_j × int(I^i) and on regions adjacent to the cores of regions in A_j × I^i . In particular, s_X |_Bq_{−B} remains unaltered, by Observation 2. It also follows that for R_l = M^{q−i} × I^i (l = 1, ..., n) the map s, restricted to M^{q−i} × ∂I^i , is still compatible. Now s is compatible on A_j × I^i , and regions adjacent to the cores of the regions in A_j × I^i have index less then q − i, so the inductive hypothesis is satisfied, with j − 1 replaced by j . The homotopy is illustrated in Figure 3.5. This completes the induction step on j . Since j only runs through a finite number of values, this also finishes the induction step on i, and thus proves the theorem.

Bibliography

[1] Rosa Antolini, Cubical Structures and Homotopy Theory, PhD Thesis, Warwick (1996) [2] Gerhard Burde, Heiner Zieschang, Knots, deGruyter (1985) [3] John H. Conway, An enumeration of knots and links, and some of their algebraic properties, Computational Problems in Abstract Algebra, Pergamon Press (1969) 329-385 [4] Robert D. Edwards, The Topology of Manifolds and Cell-Like Maps, Proc. Int. Cong.

Math. Helsinki 1987, 111-121 [5] R.Fenn, C.Rourke, Racks and links in codimension 2, Journal of Knot Theory and its Ramifications 1 (1992), 343-406 [6] R.Fenn, C.Rourke, B.Sanderson, Trunks and classifying spaces, Applied Categorial Structures 3 (1995) [7] R.Fenn, C.Rourke, B.Sanderson, James bundles and applications, Warwick preprint (1996), or http://www.maths.warwick.ac.uk/¸cpr [8] R.Fenn, C.Rourke, B.Sanderson, preliminary version of [7] (1992) [9] Jean Flower, Thesis, Warwick (1995) [10] Cole A. Giller, A family of links and the Conway calculus, Trans. Amer. Math. Soc. 270 (1982), 75-109 [11] Michael T. Greene, A natural framing of knots II, Warwick preprint (1996) [12] Michael T. Greene, Thesis, Warwick (1997) [13] John Hempel, 3-manifolds, Ann. of Math. Studies 86, Princeton University Press (1976) [14] Dale Husemoller, Fibre bundles, Graduate texts in Mathematics 20, Springer Verlag (1993) [15] I.James, Reduced product spaces, Annals of Math. 62 (1955), 170-197 [16] Robion Kirby, Problems in low-dimensional topology (1996), available electronically from

http://maths.berkley.edu/~kirby

or http://www.maths.warwick.ac.uk/~cpr [17] Mark Lackenby, personal communication [18] R.A.Litherland, Signatures of iterated torus knots, in: Topology of low-dimensional manifolds, Springer Lecture Notes in Mathematics 722 (1977), 71-84 [19] John Milnor, On spaces having the homotopy type of a CW-complex, Trans. Am. Math.

Soc. 90 (1959) [20] Kunio Murasugi, Jones polynomial and classical conjectures in knot theory II, Math.

Proc. Camb. Phil. Soc. 102 (1987), 317-318 [21] Erika Pannwitz, Eine Elementargeometrische Eigenschaft von Verschlingungen und Knoten, Mathematische Annalen 108 (1933)

[22] Dale Rolfsen, Knots and Links, Publish or Perish (1976) [23] C.Rourke, B.Sanderson, The compression theorem, Warwick preprint (1996), or

http://www.maths.warwick.ac.uk/¸cpr

[24] G.W.Whitehead, Elements of homotopy theory, Graduate texts in Mathematics 61, Springer Verlag (1978) [25] Hassler Whitney, The singularities of a smooth n-manifold in (2n + 1)-space, Ann.

Math. 45 (1944), 247-293